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A modified theory of gravity with the function F (R) = (1 − √1− 2λR)/λ is suggested and
analyzed. At small value of the parameter λ introduced the action is converted into Einstein−Hilbert
action. The theory is consistent with local tests which gives a bound on the value of the parameter
λ ≤ 2 × 10−6 cm2. I have considered the Jordan frame as well as the Einstein frame in which the
potential of the scalar field was obtained. The static Schwarzschild−de Sitter solutions of the model
are obtained and analyzed. It was demonstrated that the de Sitter space is unstable but a solution
with zero Ricci scalar is stable. It is shown that there is no matter instability in the proposed model.
PACS numbers: 04.50.Kd, 98.80.Es
I. INTRODUCTION
The general theory of relativity (GR) based on the
Einstein−Hilbert (EH) action can not explain the accel-
eration of the early and late universe. Therefore, GR
does not describe precisely gravity and it is reasonable
to modify it in such a way that the theory admits the
inflation and imitates the dark energy. In addition, the
Mach principle is not included in GR. Thus, the econom-
ical strategy is not to introduce extra fields to resolve the
cosmological problems but to modify the EH action by in-
troducing proper F (R)-gravity. Such theory can describe
the early-time inflation and late-time acceleration. It
should be noted that the modified gravity (F (R)-gravity)
is the phenomenological model describing local tests and
observational data. GR was tested in the Solar System
in weak-field and slow motion approximation but at the
scale of galaxies and clusters and strong gravity has been
tested with poor accuracy. The fundamental theory of
relativity has to be the renormalizable quantum gravity
which may describe quantum of gravitational waves [1].
It should be also mentioned that corrections introduced
by renormalization, due to one-loop divergences, contain
a scalar curvature squared (R2) as well as Ricci tensor
squared (RµνR
µν) which includes ghosts. Therefore, re-
gardless of the form of the function F (R), F (R)-gravity
is not renormalizable. Nevertheless, F (R)-gravity can
explain the transition from deceleration to acceleration
(see, for example, [2], [3]). Note that F (R)-gravity con-
tains a single extra degree of freedom (which can be a
ghost or a healthy scalar depending on the chosen func-
tion F (R)) and can be reformulated in a scalar-tensor
form. We use here the Born−Infeld (BI) procedure [4] to
introduce a new dimensional parameter λ replacing the
Lagrangian density L by (1−√1− 2λL)/λ. It is known
that such deformation in electrodynamics allows us to re-
move divergences connected with point-like charges and
to obtain finite self-energy. In this paper the curvature
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R in the EH action is substituted by (1 −√1− 2λR)/λ
with new scale λ.
The paper is organized as follows. In Sec.2, a model
of modified gravity with the BI-like Lagrangian density
is formulated. A bound on the parameter λ with the
dimension (length)2 is obtained. Static solutions corre-
sponding to de Sitter phase without matter are found in
Sec.3. In Sec.4, I describe FRW cosmology when the Uni-
verse accelerates. The scalar-tensor form of the model is
considered and the potential of the scalar field is obtained
in Sec.5. It is demonstrated that the de Sitter space is
unstable and a solution with zero curvature scalar is sta-
ble. The cosmological scenario is described. In Sec.6
the matter stability in the model is investigated and it is
shown that there is no matter instability in the proposed
model. The summary of results obtained is presented in
conclusion.
I use the Minkowski metric of the form ηµν=diag(-1,
1, 1, 1) and assume that the speed of light c and Planck’s
constant h¯ to be unity. Greek indices run 0, 1, 2, 3 and
Latin indices run the spatial values 1, 2, 3.
II. THE MODEL OF THE MODIFIED
GRAVITATIONAL THEORY
Let us consider F (R)-gravity with the Lagrangian den-
sity
L = 1
2κ2
F (R) =
1
2κ2
1
λ
(
1−
√
1− 2λR
)
, (1)
where κ =
√
8piM−1P , MP is the Planck mass. Some
variants of BI-type gravity were considered in [5], [6], [7],
[8], [9], [10], [11], [12], [13], [14]. It should be mentioned
that the model based on the Lagrangian density (1) is
just one of many, because there is no good motivation
for any BI-type gravity, unlike the gauge BI action in
electrodynamics and string theory. It is obvious from
equation (1) that the scalar curvature has to obey the
restriction R ≤ 1/(2λ). One can say that the smallest
size of the universe (during the Big Bang) can not be
less than
√
2λ. Implying that the constant λ with the
2dimension of (length)2 is small, λR≪ 1, we obtain from
(1) the Taylor series
F (R) = R+
1
2
λR2 +
1
2
λ2R3 + .... (2)
Thus, at small value of the constant λ introduced,
one comes to the EH action S = 1/(2κ2)
∫
d4x
√−gR
(g=detgµν), as limλ→0 F (R) = R. Because GR passes
local tests the model under consideration also satisfies
observational data at the definite bound on λ. The lab-
oratory bound from the Eo¨t-Wash experiment [15], [16]
(see also [17], [18]) gives F ′′(0) ≤ 2 × 10−6 cm2. From
equation (1), we obtain a restriction on the parameter λ:
λ ≤ 2× 10−6cm2. (3)
The Taylor series (2) contains all powers in Ricci curva-
ture R = gαβRαβ (Rαβ is the Ricci tensor). At small
λ series (2) gives the approximate Lagrangian density
L = 12κ2
(
R + 12λR
2
)
which was already considered in
[19]. Such model results in the self-consistent inflation.
R2-term in this Lagrangian prevents from the singular
behavior in the past and in the future [20].
Adding to (1) the Lagrangian of the matter which
is the perfect fluid with the energy-momentum tensor
T
(m)
αβ = (p
(m) + ρ(m))uαuβ + p
(m)gαβ (p
(m) is a pressure,
ρ(m) is the energy density, and the four-velocity of the
fluid obeys uαuα = −1), one obtains equations of motion
(see, for instance, [3])
RµνF
′(R)− 1
2
gµνF (R) + gµνg
αβ∇α∇βF ′(R)−∇µ∇νF ′(R) = κ2T (m)µν , (4)
where ∇µ is a covariant derivative, F ′(R) = dF (R)/dR.
The conservation of the energy-momentum
tensor ∇µT (m)µν = 0 gives the equation (for
Friedmann−Robertson−Walker (FRW) metric) as
follows:
ρ˙(m) + 3H
(
ρ(m) + p(m)
)
= 0, (5)
where H = a˙(t)/a(t) is the Hubble parameter, a(t) is
a scale factor and a dot above the variable denotes the
differentiation with respect to the time. At the partic-
ular case when the equation of state (EoS) parameter
w = p(m)/ρ(m) = −1, corresponding to the fluid with
the property of the dark energy, the energy density ρ(m)
becomes constant.
III. STATIC SOLUTIONS
Now, we solve equation (4) for Lagrangian density (1)
in a particular case when the Ricci scalar is a constant
R = R0. One can add matter with the EoS w = −1
introducing a cosmological constant (a cosmological con-
stant can be included into F (R)). Then all solutions with
R = const are given by roots of the algebraic equation
RF ′(R) = 2F (R) [21]. For the function (1), we obtain
1
2λ
(
1−
√
1− 2λR0
)
− R0
4
√
1− 2λR0
= 0. (6)
Solutions to equation (6) are given by
R0 = 0, or R0 =
4
9λ
. (7)
We notice that for our model F ′(R) = (1− 2λR)−1/2 > 0
and the regime of antigravity F ′(R) < 0 is not realized.
In addition, the condition of classical stability F ′′(R) ≥ 0
leads to F ′′(R) = λ(1−2λR)−3/2 ≥ 0, i.e. the constant λ
is positive, λ > 0. For the stability of the Schwarzschild
black holes, the weaker condition F ′′(0) > 0 would be
sufficient [20]. The positive solution (7) can describe pri-
mordial and present dark energy which is future stable if
F ′(R0)/F
′′(R0) > R0 [27]. We find that
F ′(R)
F ′′(R)
=
1− 2λR
λ
. (8)
Thus, the solution with the flat space-time, R0 = 0, is
stable, F ′(0)/F ′′(0) > 0, but the solution (7) correspond-
ing to the de Sitter space, R0 = 4/(9λ) is unstable as
F ′(R0)/F
′′(R0) = 1/(9λ) < R0. We have probably the
unification of early-time inflation with late-time acceler-
ation.
Let us consider the spherically symmetric metric with
the Schwarzschild form
ds2 = −B(r)dt2 + dr
2
B(r)
+ r2
(
dθ2 + sin2 θdφ2
)
. (9)
Then for EoS p(m) = −ρ(m) and constant Ricci scalar R0,
all F (R) theories admit Schwarzschild−(anti-)de Sitter
solutions with the function
B(r) = 1− 2MG
r
− R0
12
r2, (10)
where M is the mass of the black hole and G = κ2/(8pi)
is Newton’s constant. If R0 > 0, we have the de Sit-
ter space and for R0 < 0, one has the anti-de Sitter
3space. According to equation (7) the solutions for the
Ricci scalar are positive R0 ≥ 0 and, therefore, in our
model for a constant curvature the de Sitter space is re-
alized. For a free space, without the matter (p(m) = 0,
ρ(m) = 0), the non-trivial solution (7) R0 = 4/(9λ) gives
the function (10):
B(r) = 1− 2MG
r
− 1
27λ
r2. (11)
Thus, the classical stability for Schwarzschild black holes
leads again to λ > 0. Comparison of solution (11) with
the solution of Einstein’s equation with cosmological con-
stant Λ leads to equality Λ = 1/(9λ). This means that
the model suggested mimics the cosmological constant
(or the dark energy) for the space without any matter.
This is the common property of F (R) models [21], [22].
The entropy S in F (R)-gravity is given by [23], [24],
[25]
S =
F ′(R)A
4G
, (12)
where A is the area of the horizon. From equation (1),
one finds
S =
A
4
√
1− 2λRG. (13)
It follows from (13) that instead of Newton constant
G, one can introduce the effective gravitational coupling
Geff =
√
1− 2λRG. For the nontrivial solution (7)
(R0 = 4/(9λ)), we arrive at the effective gravitational
constant Geff = G/3.
IV. FRW COSMOLOGY
In homogeneous, isotropic and spatially flat FRW cos-
mology the space-time metric is given by
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) . (14)
The scalar curvature R is expressed via the the Hubble
parameter as follows: R = 12H2 + 6H˙. In this case
equation (4) reduces to a system of two equations
F (R)
2
− 3
(
H2 + H˙
)
F ′(R) + 18
(
4H2H˙ +HH¨
)
F ′′(R) = κ2ρ(m), (15)
F (R)
2
−
(
3H2 + H˙
)
F ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
···
H
)
F ′′(R) + 36
(
4HH˙ + H¨
)
F ′′′(R) = −κ2p(m). (16)
For solutions H˙0 = 0, these two equations (19) are con-
sistent with EoS ρ(m) = −p(m). We consider here the
model without any matter. Then H0 =
√
R0/12 and
from equation (7), one obtains H0 = 1/(3
√
3λ) for a de
Sitter phase. As a result a scale factor becomes
a(t) = a0 exp
(
t
3
√
3λ
)
(17)
and describes the inflation phase. It should be men-
tioned that Eq.(17) describes the eternal inflation (i.e.
has no end) and thus it is not viable, unless some means
to its end are supplied. To have the detailed descrip-
tion of inflation, one has to obtain the exact solution of
Eqs.(15),(16) for the general case R 6= const.
V. THE SCALAR-TENSOR FORM OF THE
THEORY
There is a link between modified F (R)-gravity and
scalar-tensor theories of gravity. Equation (1) presents
modified gravity in the Jordan frame with metric tensor
variables gµν . Let us consider the Einstein frame with
conformally transformed metric [26]
g˜µν = F
′(R)gµν =
gµν√
1− 2λR. (18)
Then, in new variables (18), equation (1) becomes
L = 1
2κ2
R˜− 1
2
g˜µν∇µϕ∇νϕ− V (ϕ), (19)
where R˜ is defined in new metric (18). We have intro-
duced the scalar field ϕ and the potential V (ϕ) as follows:
ϕ = −
√
3√
2κ
lnF ′(R) =
√
3√
2κ
ln
√
1− 2λR, (20)
V (ϕ) =
RF ′(R)− F (R)
2κ2F ′2(R)
|R=R(ϕ) =
φ (1− φ)2
4λκ2
, (21)
where φ = exp
(√
2ϕκ/
√
3
)
= 1/F ′(R). The plot of the
function V (φ) (21) is presented in Fig.1. One can also
plotting the graph V (ϕ) since ϕ is the canonical scalar
field. The potential function (21) possesses minimum
at φ = 1 (V ′′(φ = 1) > 0) and maximum at φ = 1/3
(V ′′(φ = 1/3) < 0). We find that for static solutions
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FIG. 1. V (φ)λκ2 versus φ. There is maximum at φ = 1/3
and minimum at φ = 1.
(7) the value R0 = 0 corresponds to the minimum and
R0 = 4/(9λ) corresponds to the maximum of the poten-
tial. Thus, again we make a conclusion that the zero
scalar curvature is the stable state and the state with
Ricci scalar R0 = 4/(9λ) is unstable. From potential
(21), we obtain the mass of a scalar state
m2ϕ =
d2V
dϕ2
=
φ
(
9φ2 − 8φ+ 1)
6λ
. (22)
It follows from (22) that m2ϕ = 1/(3λ) > 0 for R0 =
0 (φ = 1) and m2ϕ = −1/(27λ) < 0 for R0 = 4/(9λ)
(φ = 1/3). The solution with constant curvature R0 =
4/(9λ) leads to unstable de Sitter space (9), (11), but
the solution with zero scalar curvature R0 = 0 gives the
condition m2ϕ > 0 for a stability of the Schwarzschild
solution (10) (R0 = 0). The criterion of the stability of
the de Sitter solution in F(R) gravity was first obtained
in [27]. As the constant λ is small the squared mass m2ϕ
is big and corrections to the Newton law are negligible.
One can describe the cosmological scenario as follows.
The Universe starts with the large finite positive curva-
ture R = 1/(2λ) (because the parameter λ is small) corre-
sponding to the field φ = 0 and it is apparently analogous
to ϕ = −∞. It should be mentioned that classical F(R)-
gravity can not describe precisely this trans-Planckian
region. For the large positive curvature quantum gravity
corrections should be taken into account. Then the Uni-
verse inflates and has the positive curvature R0 = 4/(9λ)
being in de Sitter’s phase. This state is unstable and
the Universe rapidly expands with the Hubble parame-
ter H0 =
√
R0/12 (for the constant R0) which defines
the expansion rate a˙(t)/a(t) = H0 of the de Sitter space.
Then the scalar curvature decreases (rolls down) and be-
comes small so that the rate of the expansion H is small.
The final state is stable and corresponds to the vanishing
Ricci curvature R0 = 0. Thus, the Universe approaches
a stable Minkowski space.
It should be mentioned that F(R) model under consid-
eration is not suitable for the inflationary scenario of the
early Universe since the de Sitter regime (17) in it is too
unstable, i.e. |m2| in the physical, Jordan frame, is not
small compared to H20 = 1/(27λ).
VI. MATTER STABILITY
Now we consider the equation of motion for a curvature
scalar. Taking the trace of left and right sides of equation
(4), one obtains
3gαβ∇α∇βF ′(R) + F ′(R)R− 2F (R) = κ2T (m), (23)
where T (m) = T
(m)
µν gµν . To investigate the matter sta-
bility, we follow [28], and apply equation (23) for weak
gravity objects. The flat Minkowski metric can be used
for weak gravitation so that gαβ∇α∇β ≃ ∂2k − ∂2t . For
spatially constant distribution (R is uniform) equation
(23) becomes
−3F (2)(R)R¨−3F (3)(R)R˙2+F (1)(R)R−2F (R) = κ2T (m),
(24)
where F (n)(R) = dnF (R)/dRn. We consider a pertur-
bative solution R = R0 + R1 (R1 is the perturbed part,
|R1| ≪ |R0|), where in the lowest order the curvature,
according to GR, is R0 = −κ2T (m) inside the matter
and R0 = 0 outside the matter. From equation (24), one
obtains (see [2], [29])
R¨0 + R¨1 +
F (3)(R0)
F (2)(R0)
(
R˙20 + 2R˙0R˙1
)
+
2F (R0)−R0
[
1 + F (1)(R0)
]
3F (2)(R0)
= U(R0)R1, (25)
where
U(R0) =
F (3)2 − F (2)F (4)
F (2)2
R˙0
2
+
(
R0F
(2) − F (1))F (2) + (2F −R0F (1) −R0)F (3)
3F (2)2
. (26)
The system is unstable if U(R0) > 0 because R1 exponen-
tially increases in the time. We find that for our model
(Eq. (1)) the function U(R0) is given by
U(R0) = − 6λ
2R˙0
2
(1− 2λR0)2
+
12λR0 − 7 + 3 (2− λR0)
√
1− 2λR0
3λ
.
(27)
5One can verify that for static solutions (7) U(R0) < 0
that indicates on stability of the system. Even for the
least value of the scalar curvature R0 = 1/(2λ), we have
U(R0) < 0. As a result, there is no matter instability
and the model passes the matter stability test.
VII. CONCLUSION
A modified theory of gravity with the Born−Infeld-
like action is suggested and analyzed. At limiting case
λ→ 0 the action introduced is converted into EH action.
The Jordan frame as well as the Einstein frame were
considered and the potential of the scalar field in scalar-
tensor form of the theory was obtained and is presented
in Fig.1. We have found the static Schwarzschild−de
Sitter solutions of the model with the de Sitter space to
be unstable and the solution with zero Ricci scalar to be
stable. The constant λ introduced can be connected with
the fundamental length l =
√
2λ so that the smallest size
of the Universe during the Big Bang is l. From the local
tests bound on the constant is λ ≤ 2× 10−6 cm2, and we
obtain the restriction on the fundamental length l ≤ 2×
10−3 cm. It was demonstrated that no matter instability
in the model suggested. There are open questions in the
model considered which I leave for further investigations:
is the very low bound for l really compatible with all
observations, including particle physics?; to obtain exact
solutions describing inhomogeneities in a FRW universe,
etc.
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